In this note we show that the relaxed linear micromorphic model recently proposed by the authors can be suitably used to describe the presence of band-gaps in metamaterials with microstructures in which strong contrasts of the mechanical properties are present (e.g. phononic crystals and lattice structures). This relaxed micromorphic model only has 6 constitutive parameters instead of 18 parameters needed in Mindlin-and Eringen-type classical micromorphic models. We show that the onset of band-gaps is related to a unique constitutive parameter, the Cosserat couple modulus µc which starts to account for band-gaps when reaching a suitable threshold value. The limited number of parameters of our model, as well as the specific effect of some of them on wave propagation can be seen as an important step towards indirect measurement campaigns.
Introduction
Micromorphic models were originally proposed by Mindlin [23] and Eringen [5] in order to study materials with microstructure while remaining in the simplified framework of macroscopic continuum theories. Nevertheless, the huge number of material parameters (18 in the linear-isotropic case) limited up to now the application of these powerful theories to describe the behavior of real metamaterials (see e.g. [25] ). In this paper, we propose to use the newly developed relaxed micromorphic model presented in [6, 26] to study wave propagation in microstructured materials which exhibit frequency band-gaps. In the present paper we want to focus on a new and fascinating development in generalized continuum models applied to band-gaps
Equations of motion in strong form
As shown in [26] the equations of motion of the considered linear relaxed isotropic and homogeneous micromorphic continuum, when neglecting body loads, read ρ u tt =Div [2 µ e sym (∇u − P) + λ e tr (∇u − P) 1 + 2 µ c skew (∇u − P)]
(1) η P tt = − α c Curl (Curl P) + 2 µ e sym (∇u − P) + λ e tr (∇u − P) 1 − 2 µ h sym P − λ h tr P 1 + 2 µ c skew (∇u − P) , where u ∈ R 3 is the displacement field, P ∈ R 3×3 is the microdeformation tensor (basic kinematical fields), ρ and η are the macro and micro mass densities respectively and all other quantities are the constitutive parameters of the model. As for the operators appearing in (1), we use the following notations
where jab is the classical Levi-Civita symbol, X ij denote the components of the tensor X, the subscript t indicates a time deivative, the subscript j indicates the derivative with respect to the j-th component of the space variable and the Einstein summation convention over repeated indices has been adopted. It can be checked that when considering a completely one-dimensional case, the term Curl (Curl P) vanishes and no characteristic length related to microstructure can be accounted for by our model. We need at least the case of plane waves (all the components of u and P are non-vanishing, but all depend on one space variable X which is also the direction of propagation of considered wave) to disclose all the characteristic features of the proposed relaxed model. On the other hand, the Mindlin-Eringen models allow to account for characteristic lengths even when considering complete one-dimensional cases (all components of the kinematical fields in the plane orthogonal to the direction of propagation are vanishing). This is shown e.g. in [2, 16] in which these fully 1D equations are derived by the standard internal variable theory. We also remark that, in general, the relaxed term Curl (Curl P) in the second of Eqs. (1) is much weaker than the full term ∆P appearing in Mindlin-and Eringen-type models. Despite this weaker formulation, we claim that the proposed relaxed model is fully able to account for the presence of microstructure on the overall mechanical behavior of the considered continua. In particular, our relaxed model is able to account for the description of frequency band-gaps, while the classical Mindlin-and Eringen-type models are not.
In [26] it is also proved that positive definiteness of the strain energy density associated to Eqs. (1) implies
In this note we will only consider non-vanishing, positive values of the Cosserat couple modulus µ c which is seen as a trigger of the band-gap phenomenon.
We limit ourselves to the case of plane waves travelling in an infinite domain, i.e. we suppose that the space dependence of all the introduced kinematical fields is limited only to the space component X which we also suppose to be the direction of propagation of the considered wave. We introduce the new variables
It is immediate that, according to the Cartan-Lie-algebra decomposition (see e.g. [26] ), the component P 11 of the tensor P can be rewritten as P 11 = P D + P S . We also define the additional variables
We rewrite the equations of motion (1) in terms of the new variables (3), (4) and, of course, of the displacement variables. Before doing so, we introduce the quantities
With the proposed new choice of variables and recalling that we are considering the case of planar waves, we are able to rewrite the governing equations (1) as different uncoupled sets of equations, namely:
• A set of three equations only involving longitudinal quantities (left) and two sets of three equations only involving transverse quantities in the k-th direction:
, with ξ = 2, 3.
• Three uncoupled equations only involving the variables P (23) , P [23] and P V respectivelÿ
These 12 scalar differential equations will be used to study wave propagation in our relaxed micromorphic media.
Plane wave propagation
We now look for a wave form solution of the previously derived equations of motion. We start from the uncoupled Eqs. (7) and assume that the involved unknown variables take the harmonic form
where β (23) , β [23] and β V are the amplitudes of the three introduced waves. Replacing this wave form in Eqs. (7) and simplifying one obtains the following dispersion relations respectively:
We notice that for a vanishing wave number (k = 0) the dispersion relations for the three considered waves give non-vanishing frequencies so that these waves are so-called optic waves with cutoff frequencies ω s , ω r and ω s respectively. We now introduce the unknown vectors
, ξ = 2, 3 and look for wave form solutions of equations (6) in the form
where
T are the unknown amplitudes of the considered waves. Replacing this expressions in Eqs. (6) one gets respectively
In order to have non-trivial solutions of the algebraic systems (11), one must impose that
which are the so-called dispersion relations ω = ω (k) for the longitudinal and transverse waves in the relaxed micromorphic continuum.
Numerical results
In this section, following Mindlin [5, 23] , we will show the dispersion relations ω = ω(k) associated to our relaxed micromorphic model. We start by showing in Tab. 1 the values of the parameters of the relaxed model used in the performed numerical simulations. In order to make the obtained results better exploitable, we also recall that in [25, 26] the following homogenized formulas were obtained which relate the parameters of the relaxed model to the macroscopic Lamé parameters λ and µ which are usually measured by means of standard mechanical tests
These relationships imply that the following inequalities are satisfied:
It is clear that, once the values of the parameters of the relaxed models are known, the standard Lamé parameters can be calculated by means of formulas (13) , which is what was done in Tab. 1. The table also includes the values of two characteristic lengths L c and d which can be respectively associated to the characteristic length corresponding to the relaxed micromorphic coefficient α c and to the characteristic size of microscopic inclusions. Indeed, while the parameter d can be directly associated to the size of microstructure (see also [23] ), the physical meaning of the parameter L c is more difficult to be visualized. This latter can be indeed associated to the characteristic size of the region of interactions of a Representative Elementary Volume with the surrounding ones. The characteristic length L c can be hence associated, for example, to the size of some particular boundary layers which can be observed in the deformation patterns of micro-structured materials subjected to particular types of loading and/or boundary conditions. Finally, it should be noted that the micro inertia η is calculated using the microscopic mass density ρ, which is the density of inclusions, as suggested by Mindlin [22] .
The numerical values of the parameters listed in Tab. 1 have been chosen in the set of all possible values in order to let band-gaps clearly appear in a frequency range which can be considered to be of physical interest. Indeed, the band gaps which are shown in this paper range between 80 and 200 kHz, which are values proposed for band gaps in phononic crystals (see e.g. [12] ). The Young's modulus of the homogenized material considered in the present paper corresponds to the one of a rather soft material. Nevertheless, stiffer materials can also be considered which still show frequency band-gaps by slightly changing the other involved parameters.
It is evident (see Eqs. (5)) that, in general, the relative positions of the horizontal asymptotes ω l and ω t as well as of the cutoff frequencies ω s , ω r and ω p can vary depending on the values of the constitutive parameters (see (5) ). It can also be checked that, in the case in which λ e > 0 and λ h > 0 one always has ω p > ω s > ω t and ω l > ω t : we will keep this hypothesis in the remainder of the paper. The relative position of ω l and of ω s can vary depending on the values of the parameters λ h and µ h . It can be finally recognized that, in order to have a global band-gap, i.e. a frequency range in which no one of the considered types of waves can propagate, the following conditions must be simultaneously satisfied: ω s > ω l and ω r > ω l . In terms of the constitutive parameters of the relaxed model, we can say that global band-gaps can exist, in the case in which one considers positive values for the parameters λ e and λ h , if and only if we have simultaneously
As far as negative values for λ e and λ h are allowed, the conditions for band gaps are not so straightforward as (14), but we do not consider this possibility in this note. In the numerical simulations presented in this note we choose to test three characteristic values of the Cosserat couple modulus as listed in Tab these characteristic values allows to show how the Cosserat couple modulus is indeed the parameter which is responsible for the onset of band-gaps in the considered generalized continuum. Figure 1 shows the dispersion relations for the considered relaxed micromorphic continuum for the lower bound µ c = µ propagation is forbidden. More precisely, for any value of frequency, at least on wave exists (longitudinal, transverse or uncoupled) which propagates inside the considered medium. Things become different as soon as the value of the Cosserat couple modulus increases. In Fig. 2 It can be remarked that in this case any type of wave can propagate in the frequency range [ω l , ω s ], so that we can state that a band-gap can be observed which is actually triggered by the increasing value of the Cosserat couple modulus. In this frequency range the wavenumber becomes imaginary and only standing waves exist. For the sake of completeness, we also show in Fig. 3 a third It can be easily noticed from Fig. 3 that the frequency band gap remains unchanged with respect to the previous case, even if the global behavior of the system is much more complicated (two cutoff frequencies for the uncoupled and transverse waves instead than one). We can hence confirm that the presence of bandgaps is actually triggered by the Cosserat couple modulus and we can observe that the wider extension of such band-gaps is reached for µ c = 2 µ 0 c . As shown by Eq. (1), the Cosserat couple modulus is a homogenized elastic coefficient which allows to account for the relative rotation of the microscopic inclusions with respect to the macroscopic matrix. Even if no length scale is associated to this parameter, the fact that the considered microstructure can rotate with respect to the matrix in which it is embedded, actually appears to be a crucial point in order to have the onset of frequency band gaps at the macroscopic level. In [24] it has been demonstrated that the Cosserat couple modulus is zero for continuous materials. Therefore, a positive Cosserat couple modulus accounts for the discreteness of the considered meta-material.
Wave propagation in complex media exhibiting acoustic and optic branches generating frequency bandgaps can be compared to wave propagation in discrete media such as phononic crystals and diatomic chains. The method proposed in this paper allows to account for a homogenized behavior of the considered material, so that the forecasted band-gaps are not directly related to a precise microstructure via a rigorous homogenization procedure. Indeed, the method proposed in the present pape, allows to forecast frequency band gaps in precise ranges of frequency which have been directly associated to particular microstructures (see e.g. [10] ). For this reason, the macroscopic method presented here could be of great interest for describing systems with complex microstructures with a very limited number of constitutive parameters.
It is worth noticing that in our relaxed micromorphic model the observed forbidden range of frequency is valid for every plane wave solution (compression and shear). In the papers of Grekova and co-workers [7, 14] the reduced Cosserat medium is analyzed. The reduced Cosserat model can be obtained by our relaxed micromorphic model by setting α c = 0 and µ h → ∞. It is shown that if the reduced Cosserat model is analyzed, the bulk plane compression wave does not change compared with the classical case and band-gaps associated to these waves are not observed, due to the presence of a compressive acoustic wave. On the other hand, the shear wave is strongly influenced by the presence of rotational degrees of freedom and a forbidden range of frequency exists. Seismological observations [8, 13] confirm these theoretical investigations and tell us that near earthquake centers often there are zones absorbing shear waves of a certain band of frequencies. The micromorphic model proposed in the present paper can be considered to be more general with respect to other continuum models which are available in the literature in the sense that global band gaps (compression and shear) can be forecasted.
For what concerns the complete Cosserat model, it can be obtained from our relaxed micromorphic model by simply setting µ h → ∞. In this case, no band gaps can be observed at all due to the presence of an acoustic wave both for the compression and for the shear waves.
We conclude by saying that the relaxed micromorphic model proposed in [6, 26] is able to describe the presence of frequency band-gaps in which no wave propagation can occur. The presence of band-gaps is intrinsically related to a critical value of the Cosserat couple modulus µ c (see [9, 10, 24, 27, 28] for its interpretation) which must be greater than a threshold value in order to let band-gaps appear. This parameter can hence be seen as a discreteness quantifier which starts accounting for lattice discreteness as soon as it reaches the threshold value specified in Eq. (14) . This fact is a novel feature of the introduced relaxed model: we claim that neither the classical micromorphic continuum model nor the Cosserat and the second gradient ones are able to predict such band-gap phenomena.
